Abstract. Regular algebraic surfaces isogenous to a higher product of curves can be obtained from finite groups with ramification structures. We find unmixed ramification structures for finite groups constructed as p-quotients of particular infinite groups with special presentation related to finite projective planes.
Introduction
An algebraic surface is isogenous to a higher product (of curves) if it admits a finite unramified covering which is isomorphic to a product of curves C 1 × C 2 of genera g(C i ) ≥ 2. It was shown in [9] that every such surface S has a unique minimal realisation S ∼ = (C 1 × C 2 )/G, where G is a finite group acting freely on C 1 × C 2 and C 1 and C 2 have the smallest possible genera. Moreover, G respects the product structure by either acting diagonally on each factor (unmixed case) or there are elements in G interchanging the factors (mixed case). Surfaces isogenous to a higher product are always minimal and of general type. In this paper we restrict our considerations to the unmixed case.
The irregularity q(S) of a surface S is the difference between its geometric and its algebraic genus, and agrees with the Hodge number h 1,0 (S). Surfaces with vanishing irregularity are called regular. Since q(S) = g(C 1 /G) + g(C 2 /G) (see [18, Prop. 2 .2]), we have C i /G ∼ = P 1 for both curves in the minimal realisation of a regular surface.
Every surface S isogenous to a higher product gives rise to a finite group G via its minimal realisation. This process can be reversed. Starting with a finite group G, the existence of a so called ramification structure can be used to construct a regular surface of the form (C 1 × C 2 )/G. We will discuss ramification structures and the construction of the associated surfaces in Section 2. Bauer, Catanese and Grunewald [4] used this group theoretical description to classify all regular surfaces S isogenous to a product of curves with vanishing geometric genus p g (S) = h 2,0 (S). The process in [4] was aided by the reduction of the search of ramification structures to groups of order less than 2000, for which the MAGMA library of small groups could then be used. They saw this classification as the solution in a very special case to the open problem posed by Mumford: "Can a computer classify all surfaces of general type with p g = 0?"
The infinite group in [12, Example 6.3] given by the presentation (1) G 0 := x 0 , . . . , x 6 | x i x i+1 x i+3 (i ∈ Z 7 was used in [1] to construct finite 2-groups with special unmixed and mixed ramification structures, giving rise to unmixed and mixed Beauville surfaces. These finite 2-groups were the maximal 2-quotients of 2-class k of both the group G 0 and its index two subgroup H 0 generated by x 0 and x 1 . The above group G 0 belongs to a family called groups with special presentation. These groups were introduced by Howie [12] and are related to projective planes over finite fields (see Section 3 for more details). It was proved in [11] that all groups with special presentation are just infinite (i.e., they are infinite groups all of whose non-trivial normal subgroups have finite index). A natural question arose: Do any other groups with special presentations give rise to finite groups with particular ramification structures?
In this article we consider finite index subgroups of the groups listed in [10, Example 3.3] , an index 3 subgroup of the following group with special presentation from [12, Example 6.4 
) and the group given in [14, Example 2] constructed from a polyhedral presentation (a generalization of the triangle presentations defined in [7] ). We use the computer program MAGMA to search for unmixed ramification structures in maximal p-quotients of p-class k of the above mentioned groups for various primes p. These ramification structures give then rise to particular regular surfaces isogenous to a higher product. Our results are presented in Section 3 below.
2. Ramification structures and associated surfaces 2.1. Group theoretical structures. Following [4] closely, we give the definition of an (unmixed) ramification structure of a finite group G.
An r-tuple T = [g 1 , . . . , g r ] of non-trivial elements of G is called a spherical system of generators, if g 1 , . . . , g r generate G and g 1 g 2 · · · g r = 1. The r-tuple [m 1 , . . . , m r ] of non-decreasing orders of the elements g i is called the type of the spherical system T of generators, i.e., 2 ≤ m 1 ≤ m 2 ≤ · · · ≤ m r and there is a permutation τ ∈ Sym(r) such that m i = ord(g τ (i) ). Let
be the union of all conjugates of the cyclic subgroups generated by the elements g i of the spherical system. Two spherical systems of generators
An unmixed ramification structure is defined as follows. A 2 ) for a finite group G is a pair (T 1 , T 2 ) of disjoint spherical systems of generators such that T 1 has type A 1 and T 2 has type A 2 .
The disjointness of the pair (T 1 , T 2 ) of an unmixed ramification structure guarantees that G acts freely on the product C 1 × C 2 of associated algebraic curves (see Section 2.2 and the references therein). In this article we will only consider unmixed ramification structures and their associated surfaces. For examples of the mixed case see, e.g., [3, 4, 1] .
2.2.
From ramification structures to algebraic surfaces. In this section we explain how to construct an algebraic surface S = (C T 1 × C T 2 )/G from a given finite group G with an unmixed ramification structure (T 1 , T 2 ).
Let G be a finite group and T = [g 1 , . . . , g r ] be a spherical system of generators with m i = ord(g τ (i) ). For 1 ≤ i ≤ r, let P 1 , . . . , P l ∈ P 1 be a sequence of points ordered counterclockwise around a base point P 0 and γ i ∈ π(P 1 − {P 1 , . . . , P r }, P 0 ) be represented by a simple counterclockwise loop around P i , such that γ 1 γ 2 . . . γ r = 1. By Riemann's existence theorem, we obtain a surjective homomorphism
with Φ(γ i ) = g i and a Galois covering λ : C T → P 1 with ramification indices equal to the orders of the elements g 1 , . . . , g r . These data induce a well defined action of G on the curve C T , and by the Riemann-Huritz formula, we have
Now, we assume that G admits an umixed ramification structure (T 1 , T 2 ). This leads to a diagonal action of G on the product C T 1 × C T 2 , and the disjointness of the two spherical systems of generators ensures that G acts freely on the product of curves. The associated algebraic surface S is the quotient (C T 1 × C T 2 )/G. By the Theorem of Zeuthen-Segre, we have for the topological Euler number
as well as the relations (see [9, Theorem 3.4] ),
where K 2 S is the self intersection number of the canonical divisor and χ(S) = 1 + p g (S) − q(S) is the holomorphic Euler-Poincaré characteristic of S. Assume that (T 1 , T 2 ) is of the type (A 1 , A 2 ) with A 1 = [m 1 , . . . , m r ] and A 2 = [n 1 , . . . , n s ]. Then the above relations imply for the associated surface S that
Groups with special presentations
As mentioned in [10] , small cancellation groups are generalizations of surface groups and satisfy many of the nice properties of those groups. It was proved in [10] (with a small list of exceptions) that almost all groups with a presentation satisfying the small cancellation conditions C(3) and T (6) contain a free subgroup of rank 2.
Further, [12] proved that most C(3), T (6) groups G (namely, the ones which do not have special presentations) are SQ-universal. (A group G is called SQ-universal if every countable group can be embedded in a quotient group of G.) In that article, a group presentation was called special if every relator has length 3 and the star graph is isomorphic to the incidence graph of a finite projective plane. (See [16, p. 61 ] for a textbook reference on the star graph of a presentation.) Moreover, it was asked (see [12, Question 6.11] ) whether any or all of the groups with special presentations are SQuniversal. It was proved in [11] that groups with special presentation are just infinite (i.e., all non-trivial normal subgroups have finite index) and, therefore, cannot be SQ-universal. (Note that special presentations in the sense of [12] are (3, 3)-special in the sense of [11] .)
Howie [12] also set up an example machine (see Theorem 3.1 below) to create infinitely many groups with special presentations. More precisely, he constructed a special presentation with star graph isomorphic to the incidence graph of the projective plane over every finite field F q , where q is a prime power. Until then, only seven examples of special presentations were known (see [10, Example 3.3] ), and each of them has a star graph isomorphic to the Heawood graph (i.e., the incidence graph of the 7-point projective plane over F 2 ).
Given a finite field K = F q (for q a prime power), a positive presentation with star graph isomorphic to this incidence graph of the Desarguesian projective plane over K is formed.
The construction takes a cubic extension of K, namely F = F q 3 , and identifies the cyclic group C m = F × /K × with the points of the projective pane P over K, where m = q 2 + q + 1.
The group C m acts on P via multiplication in F , and this action is regular on both the points and lines of P i.e. C m is a Singer group, see [13] . The lines of P can be identified with the subset σL of C m , where σ ranges over C m and L is a fixed line or perfect difference set i.e. a set of residues a 1 , ..., a q+1 mod m such that every non-zero residue modulo m = q 2 + q + 1 can be expressed uniquely in the form a i − a j . Theorem 3.1. [12, Theorem 6.2] Let q be a prime power and m = q 2 +q +1. Then there exists a subset l of q + 1 elements of Z m such that
is a special presentation whose star graph is isomorphic to the incidence graph of the projective plane over GF (q).
Let us now present results on ramification structures of finite groups obtained from particular groups G with special representations. These finite groups are generated via the lower, exponent p-central series, i.e.,
The results discussed below are obtained via the computer program MAGMA (see [5] ). Note that the algorithm pQuotient constructs, for a given group G, a consistent power-conjugate presentation for G p,k . [12, Example 6.3] . The group G 0 in (1) with seven generators x 0 , . . . , x 6 appeared as Example 6.3 in [12] . (G 0 is constructed using Theorem 3.1 with q = 2, m = 7 and l = {1, 2, 4}.) The subgroup H 0 generated by x 0 , x 1 has index two. In [1, Theorems 4.1 and 4.2], we presented unmixed ramification structures for the 2-groups (H 0 ) 2,k for 3 ≤ k ≤ 64 (for k not a power of 2), as well as mixed ramification structures for the 2-groups (G 0 ) 2,k for 3 ≤ k ≤ 10 (again, for k not a power of 2). Since the involved spherical systems of generators consist of three elements, these ramification structures are actually Beauville structures and lead to new examples of Beauville surfaces.
Ramification structures for the group in
The group G 0 appears also in [8, Section 4] as the group A.1. (The articles [7, 8] are concerned with simply transitivie group actions on the vertices of A 2 -buildings.) The index two subgroup H 0 was also used in [17] to construct families of expander graphs of vertex degree four. There, a list of seven special group presentations G i = x | r i , 1 ≤ i ≤ 7 were given (x = {a, b, c, d, e, f, g}). The star graphs of all seven presentations are isomorphic to the incidence graph of the 7-point projective plane. Our group G 0 in (1) coincides with their group G 3 , which was discussed in Section 3.1. It is stated in [10] that the only isomorphism between abelianised groups G ab i is between G ab 4 and G ab 6 . However, if one looks at the commutator subgroup C 4 and C 6 of the groups G 4 and G 6 , then C ab 4 ∼ = Z/4Z and
To simplify notation, we denoted the images of h 2,0 and h 2,1 in (H 2 ) 7,k , again, by h 2,0 and h 2,1 . Thus, the groups (H 2 ) 7,k have unmixed ramification structures.
The 
The unmixed ramification structures given for the groups (H 2 ) 7,k , (H 4 ) 7,k above give rise to unmixed Beauville surfaces S = (C T 1 × C T 2 )/(H n ) 7,k for n = 2, 4. For example, the order of the group (H 2 ) 7,1 and (H 4 ) 7,1 is 7 2 . Therefore, the genera of the curves C T i is (see (3)) g(C T 1 ) = g(C T 2 ) = 1 + 2 × 7 = 15, and the holomorphic Euler-Poincaré characteristic of S is are isomorphic to the group (Z/7Z) 2 and the two curves C T 1 = C T 2 are given by the Fermat curve x 7 + y 7 + z 7 = 0 of degree 7. The group (Z/7Z) 2 acts on C T 1 × C T 2 by the following rule
where ξ = e 2πi 7
and α, β ∈ Z/7Z. We identify h n,0 → α and h n,1 → β for n = 2, 4. which is not isomorphic G ab
In addition, we have a subgroup F 5 in H 5 of index 2, which appears to have the same maximal 2-quotients of 2-class k as H 0 (the subgroup of G 0 generated by x 0 , x 1 ) for 1 ≤ k ≤ 10. The abelianization of this group is
3.2.4. Special presentation G 6 and G 7 . The group G 6 coincides with the group B.2 in [8, Section 5] . We have the group specified by relations r 6 = {abe, acb, aec, bf 2 , cd 2 , df g, eg 2 } on 7 generators but can be rewritten to a group generated by {a, b} with relations r We see that both groups have a subgroup H 6 , H 7 of index 24 in G 6 , G 7 , respectively, which gives rise to maximal 3-quotients of 3-class k for 1 ≤ k ≤ 10. However, the 3-groups are too large to successfully search for unmixed ramification structures. The abelianization of both groups is H ab
3.3. Ramification structures for the group in [12, Example 6.4] . The group G in (2) with 13 generators x 0 , . . . , x 12 appeared as Example 6.4 in [12] . (G is constructed using Theorem 3.1 with q = 3, m = 13 and l = {0, 1, 3, 9}.) The subgroup H generated by x 0 , x 1 , x 2 has index 3. Again, the group G can also be found in [8, Section 4] as the group 1.1 (via the identification a i = x 2i , where the indices are taken modulo 13).
For simplicity, let the elements in the finite 3-quotients H 3,k corresponding to x 0 , x 1 , x 2 ∈ H be denoted, again, by
2 and y = y 0 . Using MAGMA, we obtain the following result.
Theorem 3.4. For k = 2, . . . , 60, the groups H 3,k are of order 3 a k and admit unmixed ramification structures (T 1 , T 2 ) of type ([3, 3, 3, 3 d k ], [3 b k , 3 b k , 3 b k , 3 b k ] ), where
Here [x] denotes the largest integer ≤ x.
We conjecture that this result holds true for all integers k ≥ 2.
The ramification structures of H 3,k in Theorem 3.4 give rise to algebraic surfaces S = (C T 1 × C T 2 )/H 3,k . For example, the order of the group H 3,2 is a 2 = 3 6 . Therefore, the genera of the curves C T i is (see (3))
and the holomorphic Euler-Poincaré characteristic of S is
3.4. Ramification structures for the groups of Theorem 3.1 with q ≥ 4. The construction given by Theorem 3.1 is for any q a prime power. For q = 4 the group below is given.
Example 3.5. [12, Example 6.5] We have that q 2 + q + 1 = 21 and so F × q 3 /F × q is identified with Z 21 . The group G is given by the presentation,
The abelianization of this group is
The group has maximal 2-quotients of 2-class k for 1 ≤ k ≤ 10. However, it is extremely difficult to search for ramification structures of the maximal pquotients of p-class k for q ≥ 5. The finite groups are too large and have too many conjugacy classes, which leads to a computational expensive search.
3.5. Ramification structures for the group in [14, Example 2] . In [14] , a new construction of groups presentations based on finite projective planes was introduced, generalizing the triangle presentations of [7, 8] . For the readers convenience, we explain this briefly. The construction is based on the following general definition. Definition 3.6. (see [14] ) Let P 1 , ..., P n be n disjoint finite projective planes of order q. Let P i and L i be the sets of points and lines respectively in P i . Let P = ∪P i , L = ∪L i , P i ∩ P j = ∅ for i = j and let λ be a bijection λ : P → L.
A set K of k-tuples (x 1 , ..., x k ) will be called a polyhedral presentation over P compatible with λ if (1) given x 1 , x 2 ∈ P then (x 1 , ..., x k ) ∈ K for some x 3 , ..., x k if and only if x 2 and λ(x 1 ) are incident; (2) (x 1 , ..., x k ) ∈ K implies that (x 2 , ..., x k , x 1 ) ∈ K; (3) given x 1 , x 2 ∈ P , then (x 1 , ..., x k ) ∈ K for at most one x 3 ∈ P .
We call λ a basic bijection.
A polyhedral presentation K gives rise to a group presentation G K in the following way: the generators of G K are given by ∪P i and the relations are the k-tuples of K, each written as a product.
Example 3.7. The triangle presentations listed in [8] can be seen as special cases of polyhedral presentations for n = 1, k = 3 and q = 2, 3.
We now discuss the case n = 1, q = 2. We enumerate the points of the projective plane by 1, 2, . . . Here, every point k represents a row and is followed by the points contained in the associated line λ(k). For example, the line λ(3) consists of the points 0, 4, 5. A triangle presentation T for the group A.1 in [8] is given by (0, 1, 3), (1, 2, 4) , (2, 3, 5) , (3, 4, 6) , (4, 5, 0) , (5, 6, 1) , (6, 0, 2) , and all the cyclic permutations, i.e. for (0, 1, 3) ∈ T we also have (1, 3, 0), (3, 0, 1) ∈ T . The associated group presentation G T agrees with the presentation of G 0 in (1).
Example 3.8. [14, Example 2] The projective plane P of order 4 can be partitioned by three projective planes of order two (see [6] ). We denote points of the subplane P i for i = 1, 2, 3 by numbers from 7i − 6 to 7i. Note that lines in P consist of five points, while the lines in P i consist of three points. A basic bijection λ for P is given below. Note that each subplane P i has its own basic bijection, denoted by λ i , satisfying λ i (k) ⊂ λ(k). In the array below, the row associated to the point k lists first the three points in the associated line via the basic bijection in the subplane, followed up by the two remaining points in λ(k). (1, 9, 15), (1, 15, 9) , (2, 14, 16) , (2, 16, 14) , (3, 11, 17) , (3, 17, 11) , (4, 12, 18) , (4, 18, 12) , (5, 10, 19) , (5, 19, 10) , (6, 13, 20) , (6, 20, 13) , (7, 8, 21 ), (7, 21, 8) , (1, 2, 3) , (1, 4, 5) , (1, 6, 7) , (3, 4, 6) , (3, 7, 5) , (2, 5, 6) , (2, 4, 7) , (8, 9, 12) , (8, 10, 13) , (8, 14, 11) , (9, 14, 10) , (9, 13, 11) , (12, 13, 14) , (10, 11, 12) , (15, 16, 17) , (15, 18, 19) , (17, 18, 20) , (17, 21, 19) , (16, 19, 20) , (16, 18, 21) , and all their cyclic permutations.
All relators in the group presentation G K given by K are of length 3 and the star graph is isomorphic to the incidence graph of a finite projective plane of order 4. This means, by [12] , that the group given by this presentation G K is a special presentation. It also can be seen that this group acts on a Euclidean building where the vertex links are incidence graphs of projective planes of order 4, see [14] .
There are remarkable connections between the group G K and the group G 0 discussed in Subsection 3.1. Firstly, we can present the group G K in an alternative way with different generators:
, where each of the three subsets of generators has very similar relators like those appearing for the group G 0 in (1), with only two more series of relators added representing connections between the generators of different subsets.
Secondly, the maximal 2-quotients of 2-class k of the group G K are isomorphic to the maximal 2-quotients of 2-class k for the group G 0 (given by the presentation in (1)) for 1 ≤ k ≤ 20. However, the groups G K and G 0 are not isomorphic, as they have different abelianized groups G ab
Remark 3.9. If we replace the relators w (5) by the relators x i y i z i , x i z i y i we obtain a group G ′ with the following presentation
This group G ′ is isomorphic to the group G given by the presentation (4) under the identifications
Appendix: A representation for the group G We include a representation for the group G (given by (2)) in GL(9, F 3 [1/Y ]), which may be useful in the future (as the matrix representations for the group G 0 with presentation (1) were useful for several works [7, 17, 15] ). The representation is due to Donald Cartwright and the algebra program REDUCE. Recall that the group G coincides with the group 1.1 in [8] , where we relate the generators by a i = x 2i for i = 0, ..., 12, with indices taken modulo 13. We set The idea in creating this representation is to write F 27 = F 3 (θ), where θ is a primitive element on F 27 satisfying θ 3 = θ + 1, and to use the basis {θ i σ j |i, j = 0, 1, 2} for the divison algebra A over F 27 (Y ) for an indeterminate Y (in the order 1, θ, θ 2 , σ, θσ, ..., θ 2 σ 2 ). Here σ is assumed to satisfy σ 3 = Y − 1 (which implies (1 + σ) −1 = (1/Y )(1 − σ + σ 2 )) and σθσ −1 = θ 3 . The generators of T K , where K is a triangle presentation from [7, 8] , are the a u = u −1 (1 + σ)u, where u ∈ F × 27 /F 
Expressing the conjugation by α k with respect to the above basis of A then gives rise to a representation as a 9 × 9 matrix over the field F 3 (1/Y ). We conclude from [8] that the matrices associated to the α k satisfy the relations of our generators x k . Note, finally, that the above matrix for τ represents the conjugation by θ in A, i.e., z → θ −1 zθ.
